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Abstract: This paper presents a comparison between the net present value (NPV)
and the optimal solution of the linear program in order to offer an alternative
perspective on the decision process. In the decision process, companies have to use
more tools in order to make the right decision and to increase their values. So, using
these two tools, namely, the net present value and the solution of the optimization
problems, the companies will put together the expected benefits of the fixed asset
investments and the available or potential resources. Using only one of these tools
means that the company is oriented either to the future benefits of the fixed asset or
to the investment capacity, with all technical or financial restrictions. The NPV is
determined by using the standard formula while the optimal solution for the resource
allocation is obtained by using the Simplex Algorithm and The Big M Penalty method.
The comparison and combination of these indicators are used in the company's
acquisition process and create some debates on the results in the acquisition
process. The significant advantage of this paper is the improvement of the decision
process in acquisitions by providing information from both the internal business
environment and the external environment. Also, this comparison combines
technical and financial information, which will make the decision of acquisition more
reliable. There are some limits to this research. One limit is that it does not consider
the possibility of delaying the investments since the NPV compares the now-
investing to never-investing attitudes. Another limit is that the Simplex Algorithm
offers a restrictive horizon of the decision since its components are expressed in
positive integers. These two disadvantages may be discussed in further research,
firstly, by appealing for the cost delay for making the right decision at the right time,
and secondly, by using the fuzzy number in order to make the decisions in the fixed
assets acquisition process more flexible. This last recommendation could replace
the sensitivity analysis, which is a more complicated way to make the decision more
flexible.

Keywords: net present value (NVP); investment; fixed assets; Simplex Algorithm;
decision process; optimal solution.
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1. Introduction

Companies are often involved in complex decisions that ask for the management of
information in such a way to achieve the best combination of limited resources and
unlimited opportunities or needs. The need for fixed assets with increased
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performance should be balanced with future possible economic benefits and with
the available resources, or the cost of the resources in order to obtain the assets.
Of course, more factors influence the decision: the production efficiency, the cost of
the training, the payback period, the expected return.

The purpose of this paper is to offer an improvement of the fixed asset acquisition
decision by comparing the net present value with the optimal solution of the linear
program, solved with the Simplex Algorithm. The major contribution is the
combination of these tools, which will help the companies to consider both future
benefits and current limited resources, not only the financial resources but also the
employee training and development, the available space, etc.

2. Short literature review

Several articles and books talked about the combination of the NPV and the linear
optimization problems, but they proposed different ways than what this paper is
going to introduce here. Table 1 summarizes the publications that put together these
two different tools.

Table 1: The comparison between NPV and the optimal solution in literature review
Name of the | Method of using NPV and optimal solution

authors
Okoye (1998) They used the Simplex Algorithm to maximize the net present value
subject to the budget constraints for each period of the present value.

Padberg and | They used the Simplex Algorithm to maximize the net present value of
Wilczak (1999) the projects and proposed a new model by formulating the objective
function as the difference between the horizon value of the project (or
net present value) and the amount of money borrowed at the beginning
of the period. The objective function is a cumulative function of the
differences determined for each project.

He proposed using the Simplex Algorithm for maximization the NPV,
Schwindt taking into account a limited initial budget, and used it in building
(2005) industry where the benefits gained from completed projects serve to
finance the upcoming projects.

They proposed using the Simplex Algorithm for choosing the
Watson and | investment project, if it is expected that the investment funds can be
Head (2007) restricted in more than one period. Using the mathematical model for
linear programs, the company should easily identify the project that
satisfies the restrictions.

Aman (2019) He used the Simplex Algorithm in order to maximize the NPV, offered
interpretation on the slack variables and used the sensitivity analysis.
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3. Investment decision using the Net Present Value

3.1. Definition and formula

The net present value is defined as "the sum of the present values of the incoming
(benefits) and outgoing (costs) cash flows over a period of time. NPV can be
described as the difference between the sums of discounted cash inflows and cash
outflows.” (Gaspars-Wieloch, 2017)

This financial tool is determined by the formula designed by Brealey, Myres, and
Allen (2011):

LG
NPV =Co+ Y’ -,
o (1+7)
where: Co - the cash flow at time 0 (negative number);

C: - the cash flow at the time t;
r — discount rate.

There is a rule of rejecting or accepting the investment projects from the NPV
perspective:

1. If the NPV>0, the company should invest in the project;

2. If the NPV<O0, the company should not invest in the project;
If there are two or more projects, the net present value of the combined investment
is according to Brealey, Myres, and Allen, (2011):

NPV(Ai+ Az +...+ An) = NPV (A1) + NPV (A2) + ...+ NPV (4»)

- If the net present value is positive for all projects, the adding-up property
is valid;

- If the net present value is positive for some projects and negative for
others, this property may be tricky, because the companies do not know
if the package of the investments with positive and negative NPV will
be more favorable than investing only in the projects with positive NPV.

3.2. Example

Let us consider company X, which must purchase new equipment for the production
process in order to replace the old one and to increase the performance and the
efficiency of the current activity. The four types of equipment considered here are
analyzed from the NPV perspective. The following table presents the data for these
four fixed assets:

Table 2: The NPV for each equipment

Eq | Co C C2 Cs Cs Cs P.P. | NPV at 10%
Ay -10.000 | 3.000 | 4.500 | 3.500 800 0 2 -379

Az -15.000 | 5.000 | 7.000 | 9.000 8.000 7.500 3 12.221

As -20.000 | 5.000 | 7.000 | 10.000 | 13.000 | 15.000 | 3 16.035

As -27.000 | 7.000 | 8.500 | 11.000 | 13.000 | 16.000 | 4 13.464
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where: Eq - equipment of type J;
C:- the cash flow at time t, t =1,5;

P.P. — payback period (it has an important contribution in
investments, because it is compared with the cutoff period.)

From Table 2, it can be noticed that the equipment Az, As, A4 should be purchased
now since the NPV is positive, and the aquisition of equipment A: should be
rejected, due to the negative value of the NPV.

4. Investment decision using the Simplex Algorithm

4.1. Definition and methodology

The Simplex Algorithm is defined as "a step by step arithmetic method of solving
linear programming problems, whereby one moves progressively from say a
position of zero production and therefore zero contribution until no further
contribution can be made. Each step produces a feasible solution and each step is
an answer better than one before it, either greater contribution in maximizing
problems or smaller costs in minimizing problems” (Okoye,1998).

In order to use the Simplex Algorithm, it is necessary to formulate the linear program
as a mathematical model. The construction of the linear program is described in
following table.

Table 3: The Elements of Linear Program

Components Mathematical Model Explanations
1. Objective f(xX) = cixi+cax2+ Caxs +...+ Caxn ¢n — the coefficients
function of the objective
function
Xi , i =1,n - the
variables of the
problem
2. Restrictions auxi + awex2 + .. + awn < b aj , i =H - the
axnxt + anx2 + .. + awxn < b coefflc[ents of
restrictions
asixt + axnx2 + .. + azxn < b3 bi,i=—1,m-righthand
side value of the
amX1 +  am2x2 + ... + QmnXn =< bm ConStralnt
3. Nonnegativity x1=20,x2=20,...,x=0
conditions

After the formulation of the linear program, there are some steps that should be
followed in order to obtain an optimal solution for the linear program.
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Table 4: The steps of Simplex Algorithm adapted from Bolos et al. (2020)

Steps

Mathematical description

1. Converting the
objective function and
restrictions

- Adding slack
variables
- Adding artificial
variables

(Big M Penalty)

am + ax + ...+ ax + s =

@ax + @0 + ..+ e + » =
@+ B0+ ...+ B + 5 =
Xt + a2 + ... + G + s +A =

bn

2. Entering  the
restrictions in the

(optimality condition)

Simplex Table
3. Selection of the | Minimizing problem:
entering variable | - If all differences: Z; - C; < 0 — the program is optimal;

- If there is at least one Z; - C; > 0 — the entering variable is

xi =max (C; - Z;) L
where: C; - objective function coefficient, when j =1, n;
Zj - Z Cb x Py

where: Cy, — the coefficient that each variable
that appears at base has in the
objective function;
P« — the coefficients of the variables in
the restrictions
when k=1,n (Table 5)

4. Selection of
leaving variable

Minimizing problem:
- the leaving variable is:

) {Po}
X =min § —
P

where: Py — the right-hand side value of the
constraints (the table notation)
P — the coefficients of the restrictions
for the entering variable k= 1,n
(Table 5)

5. Updating the
table and solving
the iterations,
until the program
is optimal.
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Table 5: Simplex Table adapted from
http://www.phpsimplex.com/simplex/simplex.htm?I=en

Cq C2 Cm Ck Cg Cn
B % [P p P [Pa [P [P [P,
P, ci B, 1 0... 0... aik ap in
P, ) B, 0 1... 0... g ay, a,
P o Ca B o 0 0 0 dak aﬁﬁ Aon
P. Cm B 0 0 1 Amk ) dmn
Zx Zo Z4 Z Zn Zx Zg Zn
Ak = Zk- Ck Ao A1 Az Am Ak Ap An
4.2. Example

Let us consider the same company X from the previous example, with the same
need to purchase four equipment for the production process. They are analyzed by
a series of acquisition criteria, and by restrictions resulting from the company’s
activity.

To obtain the optimal solution that will show the right answer in the decision process,
consider how the following table presents the formulation of the acquisition problem.

Table 5: The Coficient’s Values of the objective funtion and constraints

Elements Criteria Notations Aq Az As A4

Objective function Number of the assets Xi X1 X2 X3 X4

Acquisiton Cost (min)  Ca(A) €10.000 €15.000 €20.000
€27.000
Restriction 1 The surface/equipment  s(A)) 265m?  240m?  300m?
275m?

The Total Surface S 2000 m?
Restriction 2 Acquisiton Cost (min) Ca(A) €10.000 €15.000 €20.000
€27.000

The Total Budget B. € 70.000
Restriction 3 Trainig cost/equipment  t(A) €2.000 €1.000 €2.800
€2.200

Total Trainig Budget Bt € 10.000
Restriction 4 The obsolete assets 3 Eq

that should be replaced

The mathematical model for the linear program is as follows:
Objective function:
f(x)=10.000x1+15.000x2 + 20.000x3 + 27.000x4
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Constraints:

265x1  + 240x2  + 300x3 +  275xs < 2.000
10.000x1 + 15.000x2 + 20.000x3 + 27.000x4+ < 70.000
2.000x1 + 1.000x> + 2.800x3 + 2.200xs4 < 10.00
X1 + X2 + X3 + X4 > 3

Non-negativity conditions
x120,x2>20,x3=20,x4=0

Once the mathematical model is adopted, the first step of the Simplex Algorithm is
converting the objective function and the restrictions.
f(x)=10.000x1+15.000x2+20.000x3+27.000x4+0S1+ 052+ 053+ 0S54 — MA:

265x1 4+  240x2  +  300xs  +  275xs 4+ S =
10.000x:1 + 15.000x2 + 20.000x3 + 27.000x4 + S =
2.000x1 + 1.000x2 + 2.800x3 + 2.200x4 + S =
X1 + X2 + X3 + X4 - Ss + 4 =

where: - S1, Sz, Ss, S4 — the slack variables

- A1 — artificial variable
The slack variables meaning is:

- S1- the unused surface in m?;

- S2 — the unallocated budget;

- S3 — the reduction of the training cost.
In addition to the slack variables, it was also introduced the artificial variable,
because the problem is not a standard one. Actually, it is a non-standard with both
< and 2 inequalities. So, it was necessary to add the artificial variable, which had no
physical meaning and was introduced only for obtaining a basic feasible solution.
To avoid having an artificial variable in the optimal solution, a very large penalty M
was introduced in the objective function, as a positive constant value. (Dantzig and
Thapa, 2002).
Moving on, the problem will involve two iteration: the initial Simplex Tableau and the
second Simplex Tableau, in order to obtain this optimal solution:

X1=3, X2=X3=X4=0

This optimal solution means that company should purchase the asset A1 because it
satisfies the restrictions and minimizes the objective function, so f(x) =30.000 .

The slack variables are: S1= 1.205 m?, S;=€40.000, S3=€4.000. This means that
the company should re-allocate the funds for investment and calculate the cost of
unused surface if the optimal solution is accepted, in order to evaluate the
opportunity cost.

There are some advantages and disadvantages of using the Simplex Algorithm. The
most important advantage is the opportunity cost that the algorithm reveals: the
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solution minimizes the objective function, but it is the surface that remains unused
and the budget that should be allocated again. The company can estimate the cost
of these slack variables and compare them with the optimal solution.

5. Discussion

There are three cases:

A. NPV >0, optimal solution = 0. This is the case for the assets A2, As, A4, where:
NPV(A2) = 12.221, NPV(As) = 16.035, NPV(A4) = 13.464 and the optimal
solution is 0. The NPV is a tool that influences the rejecting or accepting of the
acquisiton project: if the NPV is negative, the company should reject the
project, and if the NPV is positive, the company should accept it. From the
NPV perspective, the company should accept these three assets, but from
linear programming solution, the company should reject them, because the
optimal value is equal to 0.

B. NPV < 0, optimal solution > 0. This is the case for the asset A1, where,
NPV(A1)=-379 and the optimal solution is 3. The company should reject the
acquisition of asset A1 from the NPV perspective and accept it from the
Simplex solution. In this case, the company has to choose between the NPV
solution and the optimal solution. The total NPV for the optimal solution is
equal to: NPV(3A+1)=-1137.

- If the costs of the slack variables (unused budget, unused surface) are
smaller than the future economic benefits of the asset, the company
should not invest in them.

- If the costs of the slack variables are greater than the future economic
benefits of the asset, the company should not invest in them.

C. NPV > 0, optimal solution > 0. This case is the ideal one and means that from
both NPV and optimal solution perspective, the company should accept the
acquisition of the asset because it satisfies the objectives and the constraints
of the company and will generate the increase of the company's value.

In order to solve the first case and to combine the solutions from the NPV and the
Simplex Algorithm, the company can appeal to the sensitivity analysis, which is
defined as the “way to determine how robust proposed solutions are to changes”
(Dantzig and Thapa, 2003). This analysis has been used until now for three reasons:
- Testing the reliability of the results in case of significant changes in
objective function and constraints;
- To present the relationship between the input and output components;
- To make the results more credible for the companies and to make the
decision process more flexible. (Dhand and Singla, 2016).
In this paper, the sensitivity analysis has a new approach: the company uses this
tool to evaluate the impacts of accepting the assets with positive NPV and 0 optimal
solution. The sensitivity analysis will help the company to establish what the surface,
the budget and the training cost should be, to accept the assets with 0 optimal
solution, and positive NPV. But if the company do not intend to modify the
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constraints, because the available surface is the maximum surface available for the
equipment, the allocated budget is the maximum budget that can be allocated, and
the total training cost is the maximum cost that the company can afford. The easiest
way to simulate it is to modify the fourth restriction, which is the replacement of the
obsolete assets.

5.1. Example with NPV > 0 and optimal solution > 0

If the same company X considers that purchasing of the Asset As and Aa is the best

decision because they have the highest total NPV: NPV (As+A4)=29.499, the

company can modify the fourth restriction and obtain the following linear program:
265x1 4+ 240x2  + 300x3 4+ 275x4 < 2.000

10.000x1 + 15.000x2 + 20.000x3 + 27.000x4 < 70.000
2.000x1 + 1.000x2 + 2.800xs + 2.200x4 < 10.00

X3 + X4 > 3

It can be observed that the company limited the possibility to obtain an optimal
solution that has the negative NPV. So, the solution with x1>0 was almost
eliminated. Solving the new linear program with the Simplex Algorithm, the solution
is:
X1=x2=x4= 0, x3= 3

The company should acquire As to get the objective function f(x)=60.000. The
cost of acquisition will be greater than the cost from the first linear program, but the
slack variables, the unused/unconsumed resources have a smaller opportunity cost:
S1=1.100 m?, S>=€10.000, S3=€1.600. Even if the cost is greater, this new linear
program proposes a better allocation for the resources.

5.2. Example with increased cost of unused resources

This sensitivity analysis is an uneasy and uncomfortable tool because it needs to

solve the linear problem with the Simplex Algorithm every time when the constraints

or the objective function change. If the company is in favor of acquiring other assets,

the company should modify again the fourth restriction with percentage coefficients

and reiterate with the Simplex Algorithm until the optimal solution is obtained.
265x1 4+  240x2 4+  300xs + 275x4 < 2.000

10.000x1 + 15.000x2 + 20.000x3 + 27.000x4 < 70.000
2.000x1 + 1.000x2 + 2.800xs + 2.200x4 < 10.00

X3 + 2x4 > 3

It can be noticed that the company was in favor of the A4 and modified the fourth
restriction. After solving the problem, the optimal solution is:

X1=X2=x3= 0, x4= 1,5
The slack variables are: S1= 1587,50 m?, S>= €29.500, Ss= €6.700. This example
has the cost of unused resources greater than the previous simulation. The
company should evaluate the optimal solution if it is a favorable choice because the
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unused resources would probably generate expenditures that will exceed the future
benefits.

6. Conclusions and recommendations

The comparison and combination of the NPV and the Simplex Algorithm solutions
with the help of the Sensitivity Analysis have some advantages:

- Increase the flexibility of the decision process and consider the preferences
of the managers in this process;

- Increase the validity of the decision process, due to the different tools used
to obtain the best solution;

- Put together the future and the present, by using the NPV to determine the
future value of the assets and by using linear programming to obtain a
solution that considers not only financial but also technical and operational
constraints;

- Consider the internal and external business environment, by relating the
NPV to the market and by using internal restrictions in the linear program to
obtain the solution.

Though it has these advantages, the combination process is an uncomfortable and
slow process, due to the sensitivity analysis that implies new iterations whenever
the constraints change. It is the principal drawback of this paper, but it could be
removed by using the Dual Simplex Algorithm and Fuzzy Linear Programs. The
Dual Simplex is very used in re-optimization because it is a shorter way than the
Primal Simplex Algorithm, so the company should not perform all iterations to obtain
the optimal solution. The fuzzy linear programs allow a more flexible decision
process because their variables, constraints, and objective function use the interval-
valued fuzzy numbers (Guo, S. & Song, T., 2009). This is an advantage for solving
a problem decision in an uncertain context when the constraints are changing in a
short time, and it is necessary to use a “shortcut.”

Further research is needed to investigate the impacts of the Dual Simplex Algorithm
or the Fuzzy Simplex Algorithm and the NPV combination on the decision process.
Also, it would be a new avenue or research to create a combination between the
Fuzzy Dual Simplex Algorithm and the NPV.
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